Abstract: In this paper analytical results are presented for higher order corrections to coefficient functions of the operator product expansion (OPE) for the correlator of two pseudoscalar gluonium operatorsÕ 1 = G µνG µν . The Wilson coefficient in front of the scalar gluon condensate operator O 1 = − 1 4 G µν G µν is given at three-loop accuracy. The leading coefficient C 0 in front of the unity operator O 0 = 1 has been calculated up to three-loop order some time ago [1] but has been checked independently in this work. It is interesting to see that the coefficient C 1 in the pseudoscalar case is finite, whereas contact terms appear in C 0 in this case and in both coefficients C 0 and C 1 in the cases of the scalar gluonium correlator and the energy momentum tensor correlator [2] . For the corresponding Renormalization Group invariant Wilson coefficients which are also constructed the results are partially extended to four-loop accuracy. All results are given in the MS-scheme at zero temperature.
Motivation
Euclidian correlators of local operators are important objects in quantum field theory. Firstly, they have many important applications, e.g. in sum rules, where they are connected to physical quantities like spectral densities through dispersion relations. Secondly, they often have interesting properties in themselves, like their non-trivial renormalization, which are important for the understanding of quantum field theories. Such correlators are defined in momentum space as
with a large Euclidian momentum q. Here and in the following the squared brackets indicate that the renormalized form of some operator O is used. Usually, we are interested in the vacuum expectation value (VEV) of the correlator
which can be calculated in perturbation theory. But if we take |0 to be the physical vacuum state we also have to consider non-perturbative effects. Starting from the perturbative region of momentum space this is done by means of an operator product expansion (OPE).
The idea is to expand the bilocal operator product (1.1) in a series of local operators with In a sum rule approach to glueballs three operators are usually investigated as insertions on the lhs of (1.3) (see e.g. [5] ): whose VEV χ t (q) := 0|X t (q)|0 is also known as the topological susceptibility of QCD 2 , are presented here. This correlator has been connected to the mass of the η ′ -meson through the Witten-Veneziano formula [8] [9] [10] [11] :
n f (leading order), (1.10) where F π ≈ 94 MeV is the pion decay constant. An explicit sum rule calculation with an OPE at one-loop level using a Borel transformation has been done in [12] . In this work the value m η ′ ≈ 1 GeV is correctly estimated. A similar analysis at two-loop level but using only the leading coefficient C 0 has been done in [13] . 3 1 Effectively this expansion separates the high energy physics, which is contained in the Wilson coefficients, from the low energy physics which is taken into account by the VEVs of the local operators, the so-called condensates [4] . These cannot be calculated in perturbation theory, but need to be derived from low energy theorems or be calculated on the lattice.
2 For a discussion of topological effects in QCD and the significance of the operatorÕ1 and the correlator (1.9) in that respect see e.g. [6, 7] . 3 It will be shown however in section 3.4 that the αs-expansion of the Wilson-coefficients, especially of C0 converges rather badly at the low scales considered in these analyses. This should be taken into account in the treatment of pseudoscalar hadrons within the sum rule approach.
The correlator defined in (1.1) with renormalized operators is finite, i.e. all its matrix elements are finite, except for possible contact terms. These arise from the point where x ≡ 0 and manifest themselves as divergences ∝ δ(x) and derivatives of δ(x) or in momentum space terms polynomial in q. These local terms do not contribute to sum rules and can and should be subtracted with proper counterterms.
The leading term on the rhs of (1.3) is the coefficient in front of the unit operator 1 which is just the perturbative VEV of the correlator (1.1):
The coefficient C 0 is known for the scalar case (1.5) at four-loop level [14] and for the pseudoscalar case (1.6) [1] and the energy-momentum tensor correlator [2] at three-loop level. 4 The next important contribution in the OPE is the coefficient of the dimension four operator [O 1 ] (1.5). 5 The coefficient C 1 has been calculated at two-loop level for the scalar 6 and tensor cases [2] . Here we present the coefficent C 1 for the pseudoscalar case at three-loop level which so far has only been known to one-loop accuracy [12, 19] .
All physical matrix elements of
are finite and so is the renormalized coefficient
The renormalization constant
has been derived in a simple way in [20] (see also an earlier work [21] ). Here Z αs is the renormalization constant 8 for α s and the β-function is defined as
(1.14)
The outline of this paper is as follows. In the next section the renormalization properties ofÕ 1 will be discussed. In section 3 the details of the calculation will be described (section 4 Two-loop results for C0 in the scalar and pseudoscalar case [15] and in the tensor case in gluodynamics (nf = 0) [16] have been known for a long time. 5 In the case of massive fermion flavours f we would also have contributions proportional to the dimension
In the case of temperature T = 0 Lorentz variant operators like T 0 0 ∼ e + p with the energy density e and the pressure p have to be considered as well. At T = 0, however, only Lorentz and gauge invariant scalar operators contribute to the the VEV in (1.2) which is the quantity that we are ultimately interested in. For a discussion of the correlator Xt(q) at finite temperature up to O(αs) see [17] . 6 The one-loop result for the scalar case was first derived in [18] . 7 In the massless case O1 only mixes with unphysical operators whose matrix elements with physical external states vanish. The renormalization of O1 including these unphysical contributions as well as the mixing with O f 2 in the massive case can be found in [20] . 8 Often in the literature Zα s is used instead of ZG and αsG µν Gµν instead of O1. This renormalization is only valid up to first order in αs as the renormalization constants ZG and Zα s coincide to this accuracy. In higher orders, however, ZG and Zα s differ.
3.1) and the results for the OPE of (1.9) will be presented (section 3.2). After that Renormalization Group invariant (RGI) operators and Wilson coefficients will be constructed (section 3.3) followed by a numerical evaluation of the main results (section 3.4). Finally, some conclusions and acknowledgements will be given.
Renormalization ofÕ 1 and its correlator
The operatorÕ 1 forms a closed set under renormalization with the pseudoscalar fermionic operator
which can be written as
in the Larin scheme for γ 5 [22] .
The ε-tensors appearing in (1.6) and (2.1) are then drawn out of the R-operation performed in dimensional regularization. In the correlators which have to be calculated there are always two ε-tensors involved which can be contracted and expressed through metric tensors: 
where Z s M S is an MS renormalization constant, Z s 5 a finite renormalization constant fixed by the requirement that the one-loop character of the axial anomaly relation
is valid in dimensional regularization. 9 CT stands for contact terms of ∂ µ J µ 5 with fermion fields. In the gluon sector these can be neglected. Z GG is an MS renormalization constant again and Z GJ starts at O(α s ). In [22] Z s M S and Z s 5 are given up to O(α 3 s ) and O(α 2 s ) respectively. Furthermore it is shown that Z GG = Z a (Z a being the renormalization constant for α s ). The constant Z GJ is only given at one-loop level in the literature [1, 22] but for the Wilson coefficient C 1 at three-loop level it is needed to two-loop accuracy. In section 3.3 we will also need the corresponding three-loop anomalous dimension. The simplest way to determine Z GJ is by constructing the matrix elements ofÕ 1 and ∂ µ J
B µ 5
with two external fermions (see Fig. 1 ) using a projector 
An interesting additional application of this result is to check the connection between the anomalous dimensions of the operator set {Õ 1 , ∂ ν J ν 5 }. In [22] the following relations have been motivated: 
Now we can write the correlator X t (q) as
In [2] it has been discovered that there are contact terms at two-loop level in the coefficient C 1 for the correlator of O 1 . The coefficient C 0 also has contact terms for the correlator of two operators O 1 or two operators T µν . For the operatorÕ 1 we can make an important restriction on possible contact terms due to the fact that it can be exactly expressed as the divergence of the Chern-Simons current:
From this follows for (2.13)
with dimensionless coefficients C µν 0 (q 2 ) and C µν 1 (q 2 ). Because of the non-local factor
cannot contain any contact terms. This makes the Wilson coefficent
for the correlator (2.13) finite and unambiguous due to the absence of contact terms. 
Calculation and results

Details of the calculation
The leading coefficient C 0 is just the perturbative VEV of the correlator eq. (2.13)
which has been computed up to order α 2 s (three loops). In Figure ( 2) some sample Feynman diagrams contributing to this calculation are shown. The operatorsÕ B 1 and ∂ µ J
B µ 5
play the roles of external currents. The Feynman diagrams have been produced with the program QGRAF [24] . As all diagrams in this problem are propagator-like the relevant integrals can be computed with the FORM package MINCER [25] [26] [27] . For the colour part of the diagrams the FORM package COLOR [28] has been used.
In order to compute the coefficient C 1 (Q 2 ) the method of projectors [29, 30] has been applied, which allows to express coefficient functions for any OPE of two operators in terms of massless propagator type diagrams only. The method is based the fact that in dimensional regularization every massless tadpole-like Feynman integral is set to zero. We apply a projector to both sides of (1.3) which sets every operator on the rhs to zero 10 γ GG and γ s J can be found in [22, 23] at three-loop level. All renormalization constants and anomalous dimensions are available at http://www-ttp.particle.uni-karlsruhe.de/Progdata/ttp13/ttp13-003/ except for O B 1 :
with P{O B 1 } = 1 and P{O B i =1 } = 0. This is done in the same way as described in [2] leading to
3) with
, (3.4) where the blue circle represents the the sum of all (bare) Feynman diagrams which become 1PI after formal gluing of the two external lines representing the operators on the lhs of the OPE. 
Results
As we have seen from (2.13) contact terms in C 0 are possible and it turns out that they appear starting from one loop. Because of these contact terms an unambiguous result for C 0 can only be given up to local (that is q-independent) contributions. To avoid the ambiguity the Q 2 -derivative is presented:
This result has been derived before [1] which serves as a nice check for the setup. As discussed above the coefficient C 1 is unambiguous and is therefore given in full:
The cancellation of all divergences is a strong check for this result. Another important check is the independence of the gauge parameter ξ as all calculations have been done for an arbitrary R ξ gauge. The leading term of (3.6) is in agreement with [12] A nice consistency check for these results is to perform an OPE of the correlator
and then see that (2.6) is fulfilled (except for possible contact terms):
Indeed we find
and
satisfying (3.9) and (3.10) up to the calculated accuracy of O(a 2 s ) and O(a 3 s ) respectively.
RGI operators and Wilson coefficients
Note that the coefficients (3.5) and (3.6) are not Renormalization Group invariant (RGI). In this section we take RGI versions of all operators and construct RGI Wilson coefficients.
For an operator that is renormalized multiplicatively like ∂ µ J µ 5 in (2.5) constructing a finite and RGI operator is straightforward (see e.g. [31] ). Because of
we can define
A remarkable feature of the operator (3.14) is its renormalization scheme independence [32] . If we start with a different renormalized operator
and therefore to the same RGI operator
If we apply the same procedure to the non-diagonal operatorÕ 1 we get an RG variant operator 19) where E 1 (a s ) = a s because of (2.9). Taking the derivative wrt the renormalization scale we find
which leads to the definition of the RGI operator
In similar way as for (3.14) it can be shown that (3.21) is invariant under transformations [
] the RGI operator derived with this method is the same:
The leading RGI Wilson coefficient
in an OPE of the RGI correlator
can now be calculated from the same three bare correlators as C 0 and the result for its Q 2 -derivative is 27) where the logarithmic pieces have been resummed into a s (µ 2 = Q 2 ) for brevity. These terms can easiliy be recovered from the RG equations (see (3.33) below). They have been calculated explicitly however using the above definitions in order to be able to use the RGI condition
= 0 as a consistency check.
As explained in [2] a finite and RGI version of O 1 can be defined as
The RGI Wilson coefficient
in the OPE of (3.26) . The result (again with logarithms resummed into a s (µ 2 = Q 2 )) is
Again an explicit calculation including all logarithmic pieces for an arbitrary scale µ confirms that indeed µ 2 d dµ 2 C RGI 1 = 0 which is a welcome consistency check. The full results for the RGI coefficients at a general scale µ are available at http://www-ttp.particle.uni-karlsruhe.de/Progdata/ttp13/ttp13-003/.
These full results can now be used to obtain the logarithmic pieces of 
which in the cases of
and C RGI 1 can be used as checks for the result with an arbitrary scale µ or to reconstruct the logarithmic pieces from the result for µ 2 = Q 2 . In O(a 5 s ) we find
The four-loop extension of these results with QCD colour factors are given by 
Numerics
We now consider the two cases n f = 0 (pure gluodynamics) and n f = 3 which are most important for applications. Furthermore we set Q 2 = µ 2 , i.e. for the cases n f = 5 and n f = 3 respectively. At the scale µ 2 = M 2 Z the two and three-loop contributions are about 9% and 1% wrt tree-level, whereas at a scale µ 2 = (2 GeV) 2 these contributions become so large that perturbation theory stops to work (as is expected). From this evaluation we can assume
Discussion and Conclusions
I have presented higher order corrections for the coefficient function C 1 of the OPE of the correlator X t of two pseudoscalar gluonium operators. This result extends the previously known accuracy by two loops. It is also worth of notice that no contact terms can appear in this coefficient due to the relation between the operatorÕ 1 and the Chern-Simons current, a fact that has been explicitly checked and verified up to O( have been presented and their logarithmic part has been derived at four-loop level from the principle of scale invariance. Finally, the numerical evaluation of C 0 and C 1 shows large coefficients in the α s -expansion causing a breakdown of the applicability of perturbation theory already at Q 2 = µ 2 = (20 GeV) 2 for Q 2 d dQ 2 C 0 and at Q 2 = µ 2 = (3.5 GeV) 2 for C 1 .
